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TIKmIcALNOTE3722
GENERALTHEORYOFWA~-DRAGREDUCTION
AERONAUTICS
lK)RCOMBINATIONS
EMI?IOYINGQUASI-CYIZNDRICALBODIESWITHANAPIZZ-
CATIONTOSWEPT-WINGANDBODYCOMB~ATIONSZ
ByJackN.NielsenaudWilliamC.Pitts
Thewing-bodyinterferenceth oryofNACATN2677appliedtosymmet-
ricalwingsincombinationwithquasi-cy15Mricalbodiespermitsthe
directcalculationofpressure-distributionchangesproducedbybody
shapechsmges.Thistheoryisusedtodeterminetherelativemagnitude
ofthewave-bagreductionproducedbychangesin”cylindercross-sectional
areaandthatproducedbychangesincross-sectionalshape(withoutc-e
inarea).Thebodydistortionise~ressedasa Fourierseries,and=
integralequationisderivedforthebodyshapeformi~ dragforeach
Fouriercomponent.Thusthewave-dragreductionsforthevariousFourier
harmonicsareindependentandadditive.
Todemonstratetheuseofthemethod,itisappliedtoa bodywith
a 45°sweptwinghavinga chordofthreebodyradii,a spanofsixbody
radii,sonicleadingandtrailingedges,anda biconvexairfoilsection.
Calculationsofthevariousdragcomponentsforthisconfigurationshow
thattheaxiallysymmetricharmonicofbodydistortioncauseda reduction
of22percentofthewavedragofthewingpanelsonthecylindricaJ-
undistortedbody.Thesecondharmonic,whichcausesnochangeinvolume,
produceda dragsavingof42percent.!l?hewave-dragsavingwasobtained
bydecreasingthewing-paneldragbytwiceasmuchasthebodydragwas
increased.Thewingpanelshavenegativewavedragfortwoharmonics.
Thesereductionsareaccompaniedbypressuregradientshatareadverse
fortheboundarylayer.Withregardtobodyshape,volumeisremoved
fromthesidesofthefuselageandaddedtothetopandbottom.A net
volumelessthanthewingvolumeisremovedifthedistortionsare
limitedtotheintervaloftherootchord.Althoughthesecondharmonic
removesnovolume,itcausesindentationsaboutfivetimesasdeepas
thoseduetotheaxiallysymmetricharmonic.Asa restithewingthick-
nessforwhichthefuU theoreticaldistortionscanbeutilizedisabout5
percentorless.
A verysimpletheoryfortheaxiallysymmetricharmoriiccanbe
derivedbyneglectingthree-dimensionaleffects.Thistheoryisvalid
“, %npersedesrecentlydeclassifiedNACARMA55B07by.JaCkN.Nie~en~
1955.
.
—
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.
forsmallchordlengths.Anapproximatetreatmentofthethree-dimensional~
effectsyieldsa fairlysimpletheoryapplicabletolongerchordlengths.
Theeffectsofsemispan-radiusratioandchord-radiusratioonindentation
shape,tidentationvolume,’anddragsavinghavebeendeterminedusing.the ,,
approximatetheoriesfortheaxiallysymmetrichamonic.
&
Analternatem thodisdeveIopedfordeterminingthebodyshapesfor
minimumdragforanyFourierharmonic.Bythismethoditispossibleto
obtainfortheparticularcaseconsideredananalyticalexpressionforthe
shapeoftheaxiallysymmetrichsrmonic.Sincethisistheonlyknown
-ic solutionfortheshapeofa drag-reducingbodyatsupersonic
speeds,itisusedasa standardtodeterminetheaccuracyofthenumeri-
calmethodsusediuthegeneralmethodofthispaperandalsotodetermine
theaccuracyofapplyingthesupersonicarearuletothenonslendercon-
figurationconsideredinthispaper.
INTRODUCTION
TheexperimentalverificationbyWhitcomb(ref.1)ofthearearule
hasopenedupa newrealmofpossibilitiesofreducingthewavedragof
completeconfigurationsattransonicandsupersonicspeeds.Thetheo-
reticalbasisforthearearulelayundiscoveredforsometimeinthe
Hayesdragformula(ref.2),whichcontainstheimplicationthatby
indentinga body,a sasctnginwavedragequaltothedragofthewing
panelscambeproduced.Thus,inprinciple,thewavedragofa slender
combinationutilizinganinfinitecylindricalbodycanbereducedto
zero.ImaxandHeaslet(ref.3)haveusedthisHayesdragfemmulato
determinewing-bodycombinationsfminimumwavedrag.Theystartwith
a wingaloneandthen,usingtheinvarianceprincipleofHayes,distrib-
utemultiplesalongthelongitudinal.axisthatwillcancelthedrag
producingpressuresofthewingalone.Thetig-bodycombinationthus
obtainedhaszerowavedragifallmultiplesareused.If,toobtain
practicalshapes,onlya finitenumberofmultiplesareused,thewave
dragisaminimumforthisnumber.
Intheforegoingmethodtheproblemsofactualbodyshapeandof
pressuredistributionsaresecondaryconsiderationsi themathematical
solutionoftheminimum-wave-dragp oblem.A methodforminimizingwave
dragofwing-bodycombinationsdealingdirectlywiththebodyshapeand
thepressuredistributionsha beendevelopedbasedontheinterference
theoryofreferences4,5,and6. Themethod,presentedherein,is
applicabletocombinationswithbodieswhichareapproximatelycylindri-
calintheregionofthewing.Theprincipalrestrictiononthewing
otherthansmallthicknessandshsrpleadingedgesisthatitpossess
a horizontalp aneofsymmetryorthatitsupperandlowersurfacesbe
independent.Itisthepurposeofthispapertopresentinthefirst
partageneraltheoryofdragreductionforwingsonquasi-cylindrical
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bodies-.Tnthesecondpartthemethodisappliedtothereductionh
wavedragofa combinationemployinga sweptwingwithsonicedges.
SYMBOLS
All lengthsaremeasuredinbodyradii.
a
AE
c
Cr
CD
CDS
%(c)
qc)~n
Dc
%(d)
%(i)
(1)
%(i+d)
(2)
%l(i+d)
%(c)
%(w)
dz
FE
bodyradius
aspectratio fexposedwing
localwingchordorchordof
chordatwing-bodyjuncture
panels~oinedtogether
re~~ Mu
wave-dragcoefficientofcombinationbasedonexposedwing
area
reductioni dragcoefficient
a resultofbodydistortion
basedone~sed wing-a as
drag ofbodyincdbination
dragofbodydueto2nthFourierharmonic
dragofcmibination
savingindragofcombinationbybodydistortion
dragofwinginccxnbination
& ofwingincombination
t
dragofwingin&mbination
tionpressurespropagated
dragof.wingincombination
withbodyduetobodydistortion
withbodyduetointerference
duetointerferenceanddistor-
dOIlgC&UXLCtetiStiCbodyCOIleS
duetointerferenceanddista-
tionpres&resfallingbehindcharacteristicbodycones
dragofwingpanels
dragofwingpanels
localslopeofwing
ondistortedbody
actingaspartofwingalone
surfaceinstreamwisedirection
..- .- . ...—. ..— — —.-— —-— --—
-.—-
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f~~(x) velocityamplitudefunctionof2nthharmonicneglectingtip
effects
f*U (x) veloci~amplitudefunctionfora pairofopmsing
inclinedattheMachangle
amplitudeofbodydistortiondueto2nthharmonic
h=(x)
hoi(x),
%2(X),
ho=(x), 1
z
m
M
n
2n
Pm
P
b(d)
%(i)
‘B(W)
%(d)
successi~approximationsto ~(x)
nonhomogeneouspartofintegralequationfor g~n(X)
sources
c~ponents0? ho(x)
upstreamlimitofbodydistortion .
slopeofwingleadingedge
free-stresmMachmmiber
normaltoquaki-cylindricalbody
indexoflburierha.rmonics
localstaticpressure
half-amplitudeofthe2nthFouriercomwnentofthepres-
sureactingonthebodydueto
tipeffects
free-streamstaticpressure
P -Pqpressurecotiicient,~
bodypressurecoefficientdneto
bodypressurecoefficientdueto
bodypressurecoefficientdueto
wingpressurecoefficientdueto
thewingaloneneglecting
bodydistortions
interference
wingalone
bodydiStOI’tiOllS
—. .- —. ..——
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.
Pw(i)
%(w)
q
r$e
rJj
R.P.
s
Si(x)
so(x)
Sp
Sw
%
U,v,w
v~
Vr
v
vi
Vw
W=n(x,r)
X,y,z
xl
%!
wingpressurecoefficientduetointerference
~ pressurecoefficientduetowingalone
free-streamdynamicpressure,*pV2
@_arcoordinatesin y,z plane;y = r cos(3,z = r sine
radialdistanceto@nt onbodyofconibination
realpartofa complexfunction
semispanofwing-bodycombination
localsemispanofinner~rtionofwingplanform
(sketch(c))
localsemispanofouter~rtionofwingplanform
(sketch(c))
areaofone~sed wingpanel
areaoftwoexposedwingpanels
maximumthicknessofwingsection
perturbationvelocitiesalongx,y,andz axes,respectively
veloci~normaltoquasi-cylindricalbody,positiveoutward
velocityalongradiusvector,positiveoutward
free-streamveloci~
volumeofbodyindentation
volumeofexposedwing
influencefunction
coordinateaxeswithoriginatvertexofwingalone,
x measureddownstream,y laterallytothepilottsright,
andz verticallyupward
intersectionwithbodyofmostforwardbodychamcteristic
touchinge~sed wing
intersectionwithbodyofmostrearward%odycharacteristic
touchinge~sed wi~
. . . . --. —--- —. _ —— .—— . ----
6Xt,yt,z?
Y(x)
z(x)
Zz
%
P
tip.
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obliquecoordinates;Xt= x -my,yt= y -m, Zt=ZG2
Jx Wo(~)d~o
J
x
!%wo(~)d~
o
localthickness
plane,z=o
localthickness
plane,z = O
c1
J
s
W2n(x,r)dr
1
oflowerwingsurfacemeasuredfromchord
ofupperwingsurfacemeasuredfromchord
semiapexangle of
functiondefining
ness(eq.(2))
constant,& = 4,
wingsection
theplan-fore
&=2ifn
free-streamd.ensi~
potentialof
potentialof
interference
potentialof
distorteiL130dy“alone
completeconibination
distributionofwingthick-
>0
@5 ntisl,
wingalone
Anasterisk(*)distinguishesa
StatementofRmhlem
Inreferences4,5,
(pC-(fi+
I -GENERALTHWRY
L.
andDeterminationofBoundaryConditions
and6 theboundary-valueproblemofdetermining d
thepressuredistributionactingona cmibititioncom~sedofa wingand
_—— _.-. .— .- .—— —————
- —.— ———. — . . . .—
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.
NACATN3722 7
aninfinite,circular,cylindrical.bodywassolved.Inthemethod,the
flowfieldofthewingaloneispicturedascausinga tirtualdis~rtion
ofthebodysurface,andthepressurefieldduetosuchdistortionis
computedtermbytermforeachIburierharmonicofthedistortion.The
pressurefieldonthebodyiscomputedwiththehelpofa ~ble ofchar-
acteristicfunctionsorinfluenceoefficientswhichgivethepressure
coefficientatanypointofthebodyduetoa unitbumpattheorigin.
BYsummingthePressurecontributionsfeachbumponthebodybynumeri-
calinte~tion,theentirepressurefieldisbuiltup. Anessentially
differentandmorecomplicatedmethodusingaxialdistributionsf
sourcesandmultipleswasusedtoobtainthepressurefieldoffthebody.
However,ithasrecentlybeenpossibletoextendthemethodforcomputing
thepressuresforpointsonthebodytopointsoffthebodybyexpanding
thetablesofinfluenceoefficients.Thetheoryofthenewmethodis
setforthinAppendixA. Thismethodwhich asbeenappliedtocombina-
tionswithcylindricalbodies,hswingtirtualdistortions.isequa13y
applicabletoccmibinationshavingbodieswithrealdistortions.Thuswe
canevaluatethepressurefieldandthepressuredragofa combination
witha bodyofsrbitrary’smalldistortionusingtheabovemethods.The
pressuredragoftheccmib}nationcanbeminimizedwithrespecto%ody
shapebythecalculusof/variationstodeterminethebestshapeformini-
mumdrag.Inthispartofthereporthetheoryofdeterminingthis
shapewillbeconsidered.
Inthispaper thewingaloneistakentobethewingpanelsplusthe
portionofthewingbla.uketedbythebodywhentheleading-andtrailing--
edgeintersectionswiththebodyarejoinedacrossthebodyinanyarbi-
trarymanner.Thewing-bodyccmibinationst whichtheanalysisapplies
~ssessa verticalplaneofsymetryandeithera horizontalp aneof
synmetzryorupperandlowerwingsurfacesthatareinde~ndent(e.g.,a
triangularwingwithsuwrsonicleadingedges).Anadditionalssumption
isthatthebodyshapeatanypointdoesnotgreatlydeviatefranacir-
cularcylinder;thatis,thebodyisquasi-cylindrical.Sketch(a)
illustratesthewingedportionofa
wing-bodycombinationtogetherwiththe
systemofaxesusedintheanalysis.
Alldistancesarebasedona radiusof
unitysothattheformulasintheanal-
ysiscanbewritteninsimpleform.
Thebodycross ectionatany x ~si-
tionistakenasa circleonwhichare
superinpseddistortionsthatvaryas
cosi&sofevenmultiplesof (3to
presemea verticalplaneofsymmetry.
Thus
m
Xr
Yar
Sketch(a)
. . — . —-. ——. --- ...— _ ___ ———- . .
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Thefunctionan(x)istheshapeamplitudefunctionofthe2nthFourier
harmonicandistohe sodeterminedthatthewavedragisaminimum.
“
Withregardtothewing,nolimitationsaremadeonitsplanform.The
coordinatesofthewingsectionatanyspanwisestationy aretakento
be
Zu= -22= tmn(x- &+ p,r) (2)
whereq isa functiongivingthethicknessdistributionandiszerooff
thewing.
Considernowtheboundary-valueproblemofdeterminingtheconibina-“
tionWtential.Thisproblemissolvedinessentiallythesamemanneras
inreference4. Fora cylindricalbodytheconibinationPtential.isthe
sumofthewing-aloneandinterferenceWt ntials,butwhenthebodyis
distorted,anextrapotential~ mustbeadded.
9C
All.@entialsaretosatisfy
(3)
,
incylindrical.coordinates.
=0
Thefirstboundaryconditionisthatthederivativeofthecombination
potentialnormal.%0
the r = 1 cylinder
Thesecondboundary
bothwingandbodybe zerowiththebody
andthe‘tingasthe z = O plane.Thus
r=l o 5e-52fi (body)
= o
r>l fj= 02X (wing),
takenas
(4a)
conditionisthattherebenoupstresmwaves.
~c=o x~o (4b) .
Thesecondboundaryconditionissatisfiednaturallyb usingLaplace 6
transformmethods,butthefirstoneisnot,soeasilymet. Consider
/ v
NACATN 3722 9
. skstch(h)whichshowsa regionof zIA
thequasi-cylindricalsurface
R(x,r,O)= conqtantintheneigh-
borhoodofWint P. Thedirection n
cosinesofthenormaltothesurface
atpointP are
~R/?lx .aR@r 1 aR/&3
l$radR1’[gradRI’~ lgradRl x
Theveloci~inthenormaldirection
iSthus
Sketch(b)
Fora quasi-cylindricalbodytheeq~tionofthebodysurfaceis
sothat
aR
() ()
tm aR aR_O tm
S=O ~’==%e ~
Since
thethirdtermintheequationfor vn isnegligiblecomparedtothe
first wotermssothat
.
,-
r= 1 (5)
------- — .—.—.—. ... . .— . ..— --— —--- -—— — ..— ——. --.—.
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Conibiningequations(1)and(5) yteldstheboundaryconditionforzero
normalvelocityatthebodysurface
Fornoflownormaltothewingsurface,weobtain
aqcfiza%
—=x
Intermsofpotentialfictionsthisboundary
~=’~=’e+: )
i as .~——
‘-5
conditionbecomes
a%
-s7 r~l; 0 = O,fi (7)
E~tion (7)iSfdf~d by~m ~i-d
%
incosineseriesof
evenmultiplesof 6. Equation(6)isfulfilledy satisfyingthe
followingequationsfor
ence4.
eachtermofthelburierseriesasinrefer-
a%=v ~ m
-—
ar 01~ f&(x)cosale
n=o
%3 ()1pnmx= ~ g.Jx) Cos ale
n=o
ItiSto%erememberedthat ~i is
sothattheconibination~ssessesa
ifthedefinitionfthewingalone
thecirculsrcylinderarecontained
theinterferencepotentialdefined
cylindricalfuselage.Itchanges
changes.Alleffectsofdistorting
.
&essureFieldActingonWing-BodyCombination
Thefirststepinthepresentmethodforevaluatingthedragofa
wing-bodyconibinationistodeterminethe~essuredistributionacting
-. —. —
..
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onthecombination.Thiscanbedoneforthebodyvery
ofthe W2n(x)functionstabulatedinreference5. The
offthebodyhasbeenobtainedinreferencesk and5by
IL
SilIlp~ byme-
pressurefield
distributing
multiplesalongthebodyaxis.However,thedete&&tionofthepres.
surefieldoffthebodycanbereducedtothessmeamountofworkas
determiningthatonthebodybygeneralizingthe W2n(x)functionsto
Wzn(X,r)functions.Thisnewprocedureb sidesvastlysimplifyingthe
calculationofthepressuresoffthebodyalsoavoidsthenecessityof
integratingacrosslogarithmicsingularitiesnvolvedintheoriginal
method.Thegeneralizationofthe W2n(x)functionsto W2n(x,r)func-
tionsandtheiruseincalculatingthepressurefieldoffthebodyare
describedinAppendixA. The W2n(x,r)functionsareplottedfor
n =0 andl infigure1.
Thepressurecoefficientsoftheccmibinationarethesumsofthe
coefficientsduetothebodyalone,wingalone,andinterference.Accord-
ingtoAppendixA thepressurefieldduetothebodyalone(distorted)is
givenonthebodyandthewingas
(9)
Thepressurefieldduetothewingalonecanbedeterminedasa purewing
probleminlineartheory.Let ~(w)bethecmponentofthisfieldact-
ingonthewingand %(W thecomponeqtactingonthebody.Let %(W
i Lbe ccmpo.sedofa componenduetoinfiniteaspectratioplusa componen
duetothedifferenceb tweeninfiniteandtheactualaspectratio,that
is,a componentduetothetip. Performinga Fburieranalysisofthe
%(W)fieldaro~dthebo@ sectionad indicatingthepartduetothe
wingtipwithanasterisk,weobtain
(lo)
.- .. . . . .. . . ..—— —— . - .. -—— —..— —-— -—— .- — .—— —... . . . .—
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Thefactorof2 hasbeenintroducedpurelyforlaterconvenience,andthe
valuesof p=n(x)md ~n*(x)th~ representO* W thetrueFourier
“
amplitudesl Thequantimp2n*(x)canbethoughtofasduetotheimage
systemoflinesourcesandsinksrepresentingthetipwhenthewingpres-
surefieldisconstructedoflinepressuresourcesinaccordancewith
reference7.
Thepress&eduetotheinterferencefi ldisobtainedinthesame
mannerasinreferences4 and5, oranalogouslyasthatduetobodydis-‘
tortion.Letthenormalveloci~inducedatthebodysurfacebythe
wing-alonefieldbeFourieranalyzedaround.thebodyina mannersimilar
tothewing-slonepressurefieldsothat“
(XL)
Equation(n) givesthetirtualdistortionfa cylindricalbodyneces-
sarytoconformtothewing-aloneflowfield.Sincethecylindricalbody ..
is,infact,notdistortedbythewingflowfield,itsetsupaninter-
ferencepressurefieldeqwilandoppositetothatassociatedwiththe
virtualdistortion.Thisoppositeeffectalsoexplainstheuseofa
minussigninequation(n). Analogoustoequations(8)and(9), m
obtatn
. .
f2n*(x-m@+~) ‘
—
(32)
-.
.- —.
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DragofBodyandWinginConnation
,.
Theresultantpressureactingonthebodyoftheconibinationisthe
sumofthepressurecoefficientsgivenbyequations(8), (10),and(12).
LetthebodybedistortedovertheintervalO ~ x < Z. Thenthebodyin
combinationhasthedrag
~lithr takenasunitg,weobtain
x
BPa*(x)+ f’n(x) + f~*(X) - *1[*n(E)+f2n(~)+o
(15)
.
Thetotaldragofthebodyinconibinationcanbeexpressedasthesumof
thedragsofthevariousFouriercomponentssincethqccmpnentsm
orthogonal;thatis,thepressuresduetooneconqmnentcausenodragby
actingontheshapesoftheothercomponents.
‘D/q)B(C)= m (D/q)B(c)=
(~c~)’ Ina (~Cr)2 (16)
Thenfor n = O
(D/q)B(c)o= 4YC
(tJCr)2 if {4) %(X)+ PPo(x)+ 13PO*(X)+ fo(x)+ fo*(x)-
H*X ] f++}ti o,,gJE)+fo(E)+ fo*(E)Woo
.—.——.- .--— _ .. ..__ ___ _
—- —.- ._.
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andfor n # O
‘D/q)B(C)2n
(ti/cr)’‘?s {gzn(x)~n(x)+ PPzn(x)+ BP~n*(x)+ ‘Zn(x)+o
(18)
Thepressurecoefficientactingonthewinginconibirlationisgiven
bythesumof ~(d),J?w(w),~d%(i)= CO~i~r the-of ‘he‘i~
panel~(v)knownfromwing-alonetheory>ad eti~te %(d) ~d %(i)
asfollows:Considerfirst hepressurec~pnents2&(x-&+13)/~@
and~2n(x-&+~)/~6 whichrepresentAckeretpressuresortwo-
dimensionallinear-theoryp essuresatt&matinginverselyasthesquare
rootof r alongthebodycharacteristics.Includingtipeffectsand
consideringbothsidesofbothwingpanels,weobtainforthiscmponent
ofthewingwavedrag
(1)
‘D/q)W(i@=8
BJJp~[
ga(x-m+p) f2n(x-@+f3)
(~Cr) fi+fi+
.
(1) \(D/q)w(iw) 8 m
=~LIJP[%n(I!-)+’2nw+(~Cr)2 n=
(19)
.
:.
. .
‘.
.—. -.——
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. Itisconvenienttointegratefirstout-
wardalongstripsinthecharacteristic
x-~(r-ll=x~~.--.,<z<.x-ph=l)=~~~
(directiona dthentosumthestrips
betweentheleadingandtrailingchar-
acteristicstangentothewingplan
formasshowninsketch(c).
(1)
(D/q)W(i~) ~ W % ~n(x~+~)+
11 [(ti/cr)2‘~n= X= -
or
Sketch(c)
uso a~(x-~+p,r)drf=(x-f3r+~)fa*(x-@+j3) Cr — d(x-@?+~)% ax d= (21)
(22)
.
Considernowthatpartofthedragduetothepressuredisturbances
~w behindthe~Ch Coneson*iCh theyoriginatedandrepresentedby
theintegralformsinequations(9)and(13).Thissecondcumponent
thewingwavedragis
of
...— .. —.—. .—--- .— . —— . —.
.——-. — — —— —
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Thevolumeofintegrationisshownin l
sketch(d). InthissketchthePsi-
* tiver directionhasbeenreversed
forclarity.Letusreversethe
orderofintegrationsothatinthe
x,r~gspaceweintegrateovera slab
paralleltothe x,r phe ~d then
sumtheslabswithresp?cto ~.
SinceW=n(X,r)= 0 if x isnega-
tive,thereisobtained
x
Sketch(d)
(2)
(D/q)w(i~)
(tJCr)2
= -$ ~y” [g.JE)+
n=o
] J“w2n@-r+l-~~r)cr~~~(x-@+P)f2n(~)+f2n*(g)d~
Sp
(24)
.
or
(2)
(D/dw(~~)= 8 m
‘~ ~ J% [g,n(x)+f2n(x)+f2n*x) d-x(1(tJCr)2 na O
NACATN3722 17
.
Theentiredragofthewinginthepresenceofthedistortedbodyis
thus
wow(c)
(tJCr)2
(WV(W)
(%J%)2+8F J%2xl [ ~n(x)‘f’n(x)+ 1f’n’(x)dx
J’so b~(x,r)hSi ‘r ax z -; t’fx’[“JX)“=(x)+’’n’(x)]ti
n=o0
,!
.,
(26)
BodyShapeforMinimumDragandDragSaving
Inthissectionwewillderiveanintegralequationforthebody
shapeforminimumwavedrag.AsnotedintheIntroduction,thealternate
methodofiomaxandKeasletalsoyieldsa solutionforbodyshapefor
minimumwavedrag.Thetwosolutionsareequaltotheorderofquasi-
cylindricaltheory.Thesolutionbythealternatem thodaswellasits
relationshiptothepresentmethodisdescribedinAppendixesC andD.
Thedragoftheco?rbinationcanbeeqressedasthesumofthewing-
alonedragplusthedragofa numberofindependentFouriercomponents.
We canminimizethedragofanycomponentorcombinationofcomponents
independentlyoftheothers;forinstance,weCm ~ze thedragofthe
secondcomponentwithoutalteringthefirstcomponentwhichcontrolsthe
volume.Theequationforthewavedragoftheccnnbinationtobeusedin
theminimizationis
-. . _—_—.
—- -—- ——-
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(D/de
.;:LJ’ {
(tnlcr)’ ~m
g.Jx) g=(x)+lm~~(d+PPa*(x)+ f2n(d + fal*(d -
.
m
g
zu [ 11 so h(x,r)m ~ +B &n(x)+fz~(x)+f2n*(x) Cr— —ax G
n=o0 St
.
(D/dw(w) 8 m zm(~Cr)2 -~ n= O 1&n(x)+fzn(x)+‘2~*(x)b
(27)
Therangeoftheintegralsinthetermswasincreasedfrom x1~x <X2
toO ~x< Z withthehelpofsimplepropertiesof W2n(x,r)and q(x,r).
TheconstantAn is4 for n = O and2 for n >0. Intheminimization
ofthedragasgiven%ytheaboveformula,theconditionisconsideredin
whichtheshapeoftheindentationfortheparticularFourierharmonic
isatitsvalueforminimumdragandthena variationt&n(x)fromthis
- —— .- .- .—
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shapeisconsidered.Theadditionaldragduetothevariation,5DC,is
zeroandisgivenas
Withtheinversionfthefollowingintegral
(28)
(29)
. . . . . . .. . . _____ .._ —.
-— .—
— ——---— _
,,
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equation(28)becomes
.
.
(30)
.
Now 5(D/q)Cmustbe zerotothefirstorderandsinceb~n(x)is
arbitraryandnotzero,wemusthaveforeachn
NACATN3722 21
, Thisintegralequationdefiningtheoptimumbodydistortionsforeach
Fourierccmqxmentcanbewritten
(34
wherein
[ 1W’&n(--”1 BP2n(x)+~2n*(2f)+f~(x)+f2n*(x)‘ti~nh2n(x)= -=
HlxZjio 1 (?’l)”f=(E)+f2n*(E)w2n (33)
.——. . .-— —.— ____ . _ .. .
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Thenonhomogeneoustermhpn(x)must%eevaluatedfortheparticularwing
underconsiderationsthe@ues of p2n(x)2p2n*(x)~f~(x)~ad f2*(x)
?followingfroma knowledgeofthewing-aloneflowfield.Equation32)
isthensolvedbynumericalmeanstodeterminethebestdistortionfthe
bodyforthelburierharmonicunderconsideration.Theactualdistortions
arepropn?tionaltothewingthicknessbecauseoftheuseofquasi-
cylindricaltheoryandtheapplicationoftheboundaryconditionsonthe
r = 1 cylinder.Thewingthicknessmustbe sufficientlyhin,therefore,
forthedistortionsh bewithintheccmpassofquasi-cylindrical.theory.
Fora wingofgreaterthicknessanauxiliaryconditioncanbeimposedon
theallowablemamitudeofthedistortiona dtheminimumproblemresolved.—.
subjecttosucha conditioni amannersimilartothat
Hea81et(ref.3).
A simpleruleforthe
dragofthecabinationat
tionthedragis
dragsavedcanbedetermined
theminimum-dragcondition.
ofLauAxand
byevaluatingthe
Underthiscond.i-
(D/de
‘; I ‘nf~n(x)[-@n(x)+* ~z$=(E)w=(%’l)”l ti+(tJCr)2 n=
@/q)w(w)+ ;
C9 zm M soCrbq(x,r)& -f2n(X)+f2n*(X)h(tqJCr)2 n= o Si ax G
.- -.
Thelastthreetermsre~esenthedragof
dricalbody,inwhichcasethedragofthe
.(34)
thewingpanelsyitha cylin-
panelsisthetotaldragof
— -- —. ——
D’
NACATN3722 23
thewingedpartofthecombination.Thefirst ermthus
&ag saved.-Iftheorderofintegrationofthistermis
obtati
representshe
reversed,we
= -? x’‘nJ’g2Jx)h2n- (35)
n=o
Itisreadilyseenthatthedragsavingissimplythedragofthedis-
tortedbodywithoutanywingpmels,andthatthisdragisthessme
whetherthedistortedbodymovesinonedirectionalongitsaxisorin
theotherdirection.Ifthecombinationis
otherthanthedesignMachnumber,thedrag
givenbyequation(35).
BodyShapeforMinimumDragby
operatedata Machnumber
savingislessthanthat
AlternateM thod
Itispossibletobuildupthepotentialfieldsduetotheaddition
ofa quasi-cylindricalbodytoa wing,qiand~, bydistributingsources
andmultiplesalongthe x sxisaswe13asbythe Wm(x,r)method.
Anysetofsolutionstothewaveequationincylindricalcoordinates
thatisoftheformofa functionof x andr multipliedby cos2nf3
caninprincipleb usedforthepurpose.Iureference4 a methodis
givenofrelatingthebodydistortionstothemultipolestrengthsfor-the
particularsetofsolutionsu edtherein.Thessmemethodisusedin
AppendixB toshowtherelationshipbetweenbodydistortiona dmultipole
strengthforthemultiplesofreference3. bAppendixC theequivalence
betweenthequasi-cylindricalandmultipolem thodsisusedtodevelopan
alternatem thodfordeterminiwthebodyshapesofa minimum-dragwing-
bodycombinationb a formame~bletoa&lytical
calculation.
II- CAICUIATIWIEXAMPIEOFSWEPT-WINGAND
WITHSONICLFADINGANDTRAILING
An interestingexampleofthegeneraltheory
aswellasnume;ical–
BODYCOMBINATION
EDGES
isthecaseofa swept-
wingandbodycomb~tionwithsonicleadingandtrailingedges.Bydis-
tortingthebodyproperlyitappearspossibletoreducethedragrise
thatoccursasa swept-wingairplaneapproachestheliachnumberforwhich
itsleadingedgebecomesonfp~ndtherebytoincreasethe~ch number
..-
.- -... . . —..— ——- ..—— . .— . — .-—— —— ——--- —
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.
Thesupersonicarearule(refs.8 and9)givesana~roximateideaofthe .
shapeofthedistortionduetothetiall.ysymmetricharmonic.A compari-
sonismadeinAppendixD ofthebodyshapesgivenbythesupersonicarea
ruleandthepresentmethod.
Asanexample,aminimum-dragcomputationismadefortwoharmonics
ofthesweptwingand%odyshowninsketch(e).Thecalculationisfor
M =@. Ifa conibinationatsomeotherMachnuniberisdesired,itcan
r befirst ransformedto M =@
inaccordancewithAp~ndixE and
thentheanswershouldhetrans-
formedbacktotheoriginalMach
numlmr.Theresultsofthecalcu-// // ) lationforsweptwingswithsonic/ /
\ Exedgesareplottedinnondimensional\\ \\ formapplicabletoanyMch nuwher.
to A biconvexairfoilsectionhas%eenusedwitha thicknessdistribution
f givenbv
L-34
M=m
Sketch(e)
onthewingand ~= Ooff
%=
=
theplanform.
hm[x- (r-l), r] (36)
Thefirstmajorstepinthe
calculationistoevaluatethevariouscomponentsof h=(x)asgivenby
equation(33). Therelativemagnitudesofthesecomponentsareindirect
proportiontotheirimprtanceinPrescribingthepropershapeforminimum
-dragsothatconsi~ble insightintotheproblemisobtainedinthis
step.Thesecondstepistosolvetheintegralequationfortheminimiz-
ing shapes,andthethirdstepisto
cutout,pressuredistributions,etc.
VelocityandPressure
evaluatethedragsaving,volumeof
AmplitudeFunctions
Thefirstfourtermsofequation(33)relatetothepressureand
nkmalvelocityfieldsproducedatthesurfaceofthebodybythewing-
aloneflowfield.Forthepresent
2;
Sketch(f) .
exampleconsiderthewingfioneto
includetheareablanketedbythe
body*en theleadingandtrailing
edgesareextendedasstraight
lines. Thepressureandvelocity
fieldsofthewingalonecanbe
builtUpbySUpeti~SiIlgine
pressuresourcesofthetypegiven
byR.T.Jonesinreference7. The
u,v,andw fieldsofsucha line
source,aspicturedinsketch(f)
..
. . —
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aregiveninreference10for M =fi as
.
;= -R”p”* cosh-l&-
25
(37)
E
[;= R”P”Z* cosh-l( ) 1* -cOsh-=*’38)
wherein
~t =x-w;
Fora sonicleadingedge,
Y-y*+Z2
GJz= (39)
Yt ‘Y -mx;
let m approachunityandobtainthelimits
ofequations(37), (38)2ad (39) as
u ,~
—=-_
v
‘- (x-y)
1-
WE
cos-~
[
y(y-x)+z=
—=-
Vfl (x-y)%l”” 1
(40)
(41) ‘
(42)
15?omthesequationsthenormalvelocityandpressuredistributionacting
onthecylinder# + ZZ= 1 caneasilybedetermined.Thevelocity
normaltothecylinderwascomputedfor15° intervalsaroundthecylinder
.
-—. ———— —. . ——...—.
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andthenFburieranalyzedusingnumericalmethodsforthemir ofline
sources1-1showninsketch(glaswellasfora
Thecoefficientssocalculatedcorrespondtothe
pairoftipsources2-2.
Fburierseries
Vr
—= fos(x)+ f=s(x)cos2e+ .
VE
Vr*
—= fos*(x)
Ve
whereintheasteriskrefersto
lkmriercoefficientsareshown
+ f2s*(x)c0s2e +
thetipsources.
infigure2. The
Sketch(g)
. . (43)
coefficientisnoteworthys?nce
thenormalveloci~distribu-
tionvarieswith x. Itis
apparentthatthetiphasa
minorinfluence.
Toobtainthevelocity
amplitudefunctionsforthe
..
Infinitewingsource-sinkystem
Sketch
l . . (44)
Thevaluesofthe
constancyofthe fo=(x)
..-%
. ..
interseke
wi~ tiaa~oleasdefinedby
equation.(n),itisnecessary
tosuperimposetheeffectsof
theso~~esandsinksthatform
thewingihaccordancewith
sketch~h~.Theeffectofthe “
infinitenumberofsmallsinks
betweentheleadingandtrail-
ingedgesissummedbyinte-
gration.Theresultantvalues
.Offo(x),fa(x)yfo*(x)>PO(X)}
p2(x)~-d Po*(x)~ givenin
figure3.
Themaintermsofequa-
tion(33)arereadilydeterm-
ined. Thefinalterminvolves
numericalintegrationusingthe
valuesofthe Wzn(X,r)func-
tionsinfigure1. Thesixth
termcan%eascertainedin
closedform.Sincefromequa-
tion(36)
Wmgtlpsource-sinksydem -
(h) q(x-r+l,r)= 2@)(.-ZZ) *
(45)
.. —.—.——— —_—— .- ———. .— .- -.
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weobtain
—
Thus
J‘0~ilq(x,r)&rEli TZ=4 F-2(a-
(46)
(W
Theterminvolvinga doubleintegralcanbereducedtoa singleintegral
withtheaidofequation(k6)
[[
W*n(g-r+l -x,r)c$ (~-r +l,r)tid(~-r +1)
Sp
J/’ [ 1.2(~-r)~d(~ -r+l)=2 W2n(E-r+l -x,r)1 -—Sp c
C+l
2
1[ 1 1 J
2(E-r) d(g-r + 1) ‘W~n(~=
-— -r+l -x,r)dr
1 c 1
Withthefollowingdefinition
[
s
ra(x,s) = Wan(X,r)dr
1
(48)
(49)
-. —.—-. -—. -— .—— — ..— —
——————
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weachievethedesiredresult
SolutionsofIntegral
“~c(+)ran(g-X+ l,s)a.E(50)
EquationsforFirstTwoHarmonics
Thesolutionsoftheintegralequationsrepresented%yequation(32)
havebeenobtainedbothby iterationa dby simultaneousequations.If
(o)
a firstapproximationt g=n(x)isknown,say g=n(x),thena second
approximationca bedete--edfrcmtheintegral-~quationas
(1) J2(o)13zn(x)=h=(x) +* gzn(~)W2nlx-~lMo (51)
Theprocessisrepeateduntilitconverges(ordiverges).Theconver-
genceisgreatlyaidedbya closefirstapproximation.Ifa meansof
solvingmanysimultaneousalgebraicequationsi athand,theintegral
equationcanbeexpressedasa numberofsimultaneousequationsbywrit-
ingtheintegralapproximatelyasa smmation.Themoreequations,the
moreaccuratetheanswer.Therateofconvergenceisdecreasedby
increasingtheintervalO <x~ Z orbyincreasingtheorderofthe
harmonic.
Forthe n=o harmonicthesolutionwasstxrtedbyusing~(x) as
a firstapproximation.Thecmponentermsof ~(x) areshowninfig-
ure4. Itisclearthatthetermsfo(x)andpo(x)areequalad oP~-
siteandthetipeffectsaresmall,sothattheeffectofthebodydis-
tortionssendingwavesdirectlyalongtheMachconesisthedominant
effect.Thisfactleadssubsequentlyoa simpleapproximatetheory. “
Inthefirstc~culation,thebodywasdistortedonlyovertheinterval
oftherootchord.Thesubsequentapproximationsto ~(x)wereobtained
byiterationi accordancewiththeequation
(52)
.NACATN3722
Thesuccessiveapproximationsconvergeso
thattheinitialapproximationc uldhave
goodapproximatesolution.Inthesecond
rapidlyasshown
beenusedasthe
calculation,the
ofdistortingthebothinfrontofthewingwasconsikred
29
byfigure5
basisofa
mssibili@
withthe
resulthatthecalculated.distortionhereisveryclosetozero,as
shownbyfigure6. Fora generalwingthiscorrespondstonodistortion
infrontofthe~ch rhombusenclosingthewing,a conditionthatfollows
readilyfroma considerationofmomentumtransferthrougha“largevolume
enclosingthecombination.Theeffectofdistortingthebodydownstream
ofthewingwasinvestigatedwiththeresulthatsme distortioni this
regioniseffectiveinfu@herreducingthedrag.However,theadditional
gaincalculatedforthepresentexampleissmall.Thus,thesignificant
intervalforthepurposeofthepresentexampleistherootchord,andno
largechangeintheshapeformininnnudragoccursovertheintervalof
themot chordbyconsideringa distortioni tervalgreaterthantheroot
chord.
A solutionfortheintegralequationfor n = 1 wasattemptedinthe
ssmewayasthatfor n = 0,butitwassoonapparentthattherateof
convergencewasrelativelyslow.I@?thisreasona betterinitialapproxi-
mationwassoughtbysolvinga systemof11simultaneousalgebraicequa-
tionsusingthetrapezoidalruletoevaluatetheintegral.Theapproxi-
mationsoobtainedisshownas Elk)~ x infigure7. Severaliterations
thenproducedconvergence.
BodyShape,
Thesolutionsto
shapeofthebodyfor
r.
DragSaving,andWessureDistributions
theintegralequations,~(x)andgz(x),givethe
twoharmonicsfromtheintegralofequation(l)y
px r+xD
—=l+(~c)a ~ go(~)d*+(%/c)cos2e~ gz(~)d,(53)
o 0
Theshapesoftheindentationsforthe n = O andn = 1 bnics atthe
wing-bodyjunctiesareshowninfigure8 forunitwingthickness.It
istobenotedthatthe n = O indentationissimilartothewingprofile.
However,becauseofthefinitechordlength,theindentationdoesnot
comeuptothefullbodyradiusatthewingtrailingedge,a factin
accordancewiththesupersonicarearule.Thispointwillbefurther
elucidatedwhenweconsidereffectsofplanformonthe n = O indenta-
tion.The n = 1 indentationismuchlargerthanthatfor n = 0,an
effecthattendstodiscouragetheuseofthehigherharmonics.lbr
theq-percent-thickwingpostulated,theindentationduetothesecond
harmonicissolargethattheassumptionfa quasi-cylindricalbodyis
—. . . . . . .. ..— . ——— - — —— .——
.———-———-—— —--
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beingstretched.Thebodycrosssectiongiven
mratiu bothharmonicsi showninfigure9.
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by equation(53) incor-
Thechangeinshapebehind
%hetra~lingedgedoesnotcontributemuchtothedragreduction-aswill
bediscussedlater,andwethereforehavethealternativesofinco~rat-
ingthe n= O afterbody,n = 1 afterbody,theafterbodyusingtwohar-
monics,ora cylindricalafterbodyasinfigure9. Thepercentageofthe
wingvolumer-vealuptothetrailingedgeis69percentanduptothe
endoftheMachrhombus(x= 8)about101percent.~~ VOIWEis
remvedonlybythe n = Oharmonic.
TheS1OWoftheindentationatthewingleadingedgecanbedeter-
minedfromtieintegralequationwiththeaidofthefactthat ~(x)
mustbene=lyzeroinfrontoftheMachrhombus(seeAppendixC). The
discontinuitiesin ~n(x)W*
of hpn(x)atx = 1 becausethe
Hence,
coincidewiththeknowndisconti~ities
integralofequation(32)iscontinuous.
f&n(l+)=h=n(l+)-h=(l-) (54)
Theonlytermcontributingtothediscontinuitysthenexttothelast
termofequation(33).Withthehelpofequation(47),weobtain
WA
(tm/cf
panels Body
A ~767 1 0 I
(1) Exposedpanelsof wingalone
PanelsBody Harmanics
A+B 5.48 I o I n=o
. A+B+C5.67 I O n=O,l I
(2IWing-cylindricaFbodyca’mbination
A+B+C+D
A+B+C+D+
E
i
panelsHarmonicsand
PanelsBody and intervalsaf
m
[3)Wing-distorted-bodymmbinotion
Sketch(i)
... .M
(55)
Sinceeachharmoniccontributes
a finiteamount,theindenta-
tionforti theharmonicsi
initiallyradialinthe e = O
ande = Z planes.
Thenetdragsavingdue
tobodydistortionhasbeen
computedbyevaluatingthe
dragofthedistortedbody
aloneinaccordancewithequa-
tion”(35)andalsofromthe
pressuredistributionsacting
onwingandbodyincombina-
tion.Thedistributionsfthe
dragalongthewingpanelsdue
totwoharmonicsofinterfer-
enceanddistortion,shownin
figure10,havebeenintegrated
toobtainthenetpaneldrags.
Thedragsofthepanelsandbodyincombinationforvariousconditionsare A
summarizedinsketch(i)whichistobestudiedinconjunctionwith
D
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figure10. Part(1)ofthesketchshowsthedragwiththepanelsaspart
ofthewingalone.Part(2)ofthesketchillustratesh~wtheaddition
ofthecylindricalbodyhas.theffectofreducingthe~el.draginthe
proportion7.67to 5.67. (Ithasbeenassumedthattheinterferencedrag
forharmonicshigherthanthe n =1 harmonicisnegligible.)Fart(3)
ofthesketchshowsthedragsatingduetotwoharmonicsofdistortion.
Incorporatingthe n = O distortioni tothebodyreducesthedragofthe
cabinationby22percent(of5.67)andtheadditionofthe n = 1harmonic
hastheeffectofreducingthedragofthe-combinationanother@ percent
fora totalof64~rkent.Itistobenotedthatdistortingthebody
hastheeffectofreducingthedragofthewinginthepresenceofthe
bodywhileincreasingthedragofthebodyinthepresenceofthewing.
Thewinghasnegativewavedragwhentwoharmonicsofdistortionare
incorpn?atedintothebody.Thenetgainindragistheresultofreduc-
ingthewing-paneldragaboutwiceasmuchasthedragofthebodyis
increased.Itisinterestingthatthesection~ coefficientsgivenby
figure10fortheharmonicsofinterferenceanddistortionattenuates
alongthecharacteristicsapproximatelyinverselyasthesquarerootof
the~ius, sothatdragsa~ngscanberealized-
thanthatofthepresentexsmple.
Onthebodythedragloadingcanbedefined
and(18)as
d{D~
——
foraspectratiosgreater
fromequations(17)
‘i~q%’B(C).
z
m fi~~n(x)
(tic)’ n= Sw {g’n(x)+P*n(x)+P’n*(x)+f*n(X)+f*n*(X)-
xJ[ 1gzn(~)+f2n(~)+f2n*(~)W2n(x-~)d~1 (56)o
Thisquantity,plottedinfigure11,forthe n = O andn = 1 harmonics,
showsthedistributionofdragalongthebody.Thisdragresultsfrom
thepressurefieldarisingfromthebodydistortiona dbydistortingthe
bodyinanexistingpressurefield.Itisnoteworthythatextendingthe
intervalofdistortionaftofthewingtrailingedgecausesonlyminor
reductionsinwavedragforthe
tionshowsthisalsotobetrue
Thepressuredistributions
tioncanbereadilydetermined,
first-harmonic:~ approximate-calcula-
forthesecondharmonic.
actingonwingandbodybothinconibina-
thedistributioninthewing-bodyjuncture
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beinggivenby .
wz@ xf~(X) + f2n*(X)-&=2n* 1[ 1 1f2n(~)+f2i*(~)%n(X-!5)d~+o
[gzn(x)-(x ] [~n(i%)%ll(x-~)d~+ pzn(x)+ Pzn*(x)1) (57)
Thefirstcommnentrepresentsheeffectofinterferencebetweenwing
panelsandcylind.ricalhody,thesecondcomponenttheeffectofbody
distortion,andthethirdcomponenttheeffectofthewing-alonefield.
Thepressuredistributionatthewing-bodyjuncturefora cylindrical
bodyisshowninfigure12(a).Thewing-alonecomponentofthispressure
distributionhasanitiinityattheleatingedgeofthewing-bodyjuncture.
Becausethebodyisa perfectreflectionplaneasfarasthispint is
concerned,thepressurecoefficientisthesameasthatattheapexofthe
wingtine,namely,8/s.Thefinitdcontributionsfa finitemmiberof
harmonicsofinterferencecannotovercomethisinfinity.However,wecan
easilyestdblisht ecurveforthecombinationneartheleadingedgeby
fairingitintotheknownvalue.Itistobenotedthattheresultant
pressuredistributionhasa favorablepressuregradientfortheboundary
layer.Infigure12(b)thepressuredistributionf ra distortedbody
hasbeend.eterdnedbyaddingthepressuresduetotwoharmonicsofdis-
tortiontothoseforthecylindricalbody.Theresultingdistribution
hasanwxfavomblegradient.Theeffectsatthewing-bodyjunctureare
@q?icalofthewingasawholesincethepressuredistributionsthe
spanareessentiallythoseoftherootchordwithaninversevariation
asthesquarerootoftheradius(fig.13).Theyarealso~ical.ofthe
bodysincetheyaresimplymultipliedbya cos2n6 factor.lbra
~-percent-thickwingthecompletepressurefieldatthewing-bodyjuncture
showsa pressure-cotiicientrisefromabout-0.20attheleadi
about0.25atthetrailingedge.Thisriseof Ap/q= o045(AP%~~6:
islessthanthesuddenpressurerise,Ap/p,ofO.9necessarytoseparate
a turbulentboundary@er asgivenbyBogdonoffandKepler(ref.11).
Itisthusprobablethatturbulentseparationwillnotoccur.
ApproximateSolutionsforAxiallySymetricHarmonic;
lKfectofPlanIbrm
Onthebasisoftherelativemagnitudeofvarioustermsof ~(x) in
theintegralequationfor ~(x),equation(32),itispossibletoobtain
simpleapproximatesolutionsfortheindentationshapeanddragsating
.. .. .. —. .-.— .-. -. — .
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forthe n = O harmonic.The
dependsprimarilyonthewing
thata short-chordtheoryand
33
relativemagnitudeofthevariousterms
chord,ormorespecificallyon c/j3r,so
a medium-chordtheorycanbedistinguished.
Intheanalysiswewill.confinetheindentationtotherootchordand
let ME beunityor
F
eatersothatnotipeffectsoccur.TheMach
nrmiberneednotbe 2 althou~theanalysisiscarriedoutforthis
Machnumber.Undertheseconditionstheeffectsofinterferenceandthe
wing-alonepressurefieldrepresentedby f.(x)andPO(x)areequaland
oppositeforthisparticularcase,andequations(32)and(33)canbe
rewritten
JcgJx)=ho(x)+ * go(~)Wolx-~!d~o
b(x) = %=(4 + %=(x) + %3(4
(58)
(59)
(60)
hoJx)=& u’ b~(~‘r+l#) &d(~ -Wo(~-r+l -x,r)c r+l).a~ (61)Sp
Jxl&(x) = * fo(E)wo(x - E)uio (62)
Thecommnentsof &(x) involvingthe Wa(x,r)functionsareconcerned
withdepartureofthepressuresduetobodyindentationsfromthevalues
thatwouldbecalculatedbylineartwo-dimensional.theory,andassuch
thesecomponentsa sumeimprtanceformediumtolongchordlengthsonly.
Short-chordtheory.-Byneglecting~z (x)and~~ (x)comparedto
%=(x), * obtainanapm~ti simpletheorythatrepresentshesolu-
tionforvanishingchordlength.Underthisassumptionthepressures
actingonbothbodyandwingaresimplythelinear-theorytwo-dimensional
pressuresbasedonthebodydistortionattenuatedinverselyasthesquare
rootoftheradius.l%issimplephysicalmodelcontainstheprimary
. . ..- --— .. .—— -.—— - _ ——. —— —- .-
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featuresoftheflowduetothe n = Oharmonic,andthemedium-chord
approximationca beconsidereda slightmodificationofthesimplemodel
toaccountforthree-dimensionaleffectsonthepressurefield.Onthe
basisoftheshort-chordapproximation,equations(58)to (62)yield
/30(4
Utilizingtheresultof
J’sc h(x)r) g.~(x) =.+ 1 ax %/F
equation(47),weobtain
(63)
(65)
-Tkustheshapeoftheindentationisgivenas
(1-qJ ( )(=:tdd=l)x+ 1-
Theshapeoftheindentationissimilar
)x-1T = ~ (G- l)q(x,l)(66)
tothewingsection,butthe
volumeoftheindentationisusuallylessthanthevolumeofthewing.
Infacttheratiofindentationvolumetowingvolumeis
The
U3ne
vi m-l—=
VW s-1 (67)
volumeratiodecreasesa thespanincreasesalthou@theactualvol-
remvedincreases.
— —
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Thedragsavingcalculatedusingequation(35)is
(dds =
- (+.(’”)r+’“(x)ti
J.
Expressedasa dragcoefficientbasedontheareaofthe
thedragsavingis
%~ (D/q~)~
.-~(%lz-1)
(tJc)2= (tm/c)2 3-X(w+ 1)
(68)
wingpanels,
(69)
Thecoefficientofdragsavingthusincreasesa thespanincreasesbut
sodoesthedragofthewingalone.Theeffectofchordlengthwillsub-
sequentlybediscussed.
Medium-chordtheory.-Itwas~ssiblebyneglectingthree-dimensional
effectstoobtainverysimpleresultsforthefirstharmonic.However,
forlongerchordlengththanthosetowhichthesimpletheoryapplies,
accountmustbetakenofthetermscontainingW2n(x,r)functions.The
valueof ~=(x)rmainsasbefore.Intheevaluationf ~z (x)a simple
assumptionpermitsanapproximatedeterminationt bemadereadily.This
assumption,expressedinphysicalterms,statesthatthethree-tlmensional
effectsrepresentedbythe W.(x,r)functionthemselvesattenuatealong
thebodycharacteristicinaccordancewitha simpleapproximationsimilar
tothat forthetwo-dimensional
canbeexpressedas
Wo(x,r)=
effects.Mathematicallythe
Wo(O,r)
Wo(x,l)
Wo(o,l)
approximation
(70)
Thevalidityoftheassumptioncanbemeasuredbyhowcloselythequanti~
W.(x,r)Wo(O,l)/WO(O,r)isinvarianttochangesin r. A plotofthis
q~nti~-for~~ous valuesof r isgiveninfi- 14% showthatthe
approxktionis
transformtheory
a goodone.Thevalu=of W=(O~r)obtainedfromLaplace
is
mW=(O,r)= 16n2+3 16n2-I
86 - 8rsi2 (n)
. --- -.. — ---- — . ..—- —
——..-—
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Wo(x,r)= (r
Wo(x,l) 3 1
4 1/2+* ) (73
Fromequation(m) weobtaintheresult
Cs
~=(x)=1 H Wo(?l-x+l,l)3 1L—. )( )1-~ ard~ (73)doo= 8WO(0,1) 1/2+*I2
Integrationyields
~ (x)=(ti-l)(3fi+l)
{[
2(x-1)
1 }
2Z(C-X+l) ;
2
1- Y(C-X+l)-F
mm c
l~x~c+l (74)
withthefollowingsimplenumericalquantitiesgiveninfigure15:
JxY(x)=“ WO(E)M; r=lo
Jxz(x) = ~Wo(~)d~;r =1o
Likewisethevalue~~(x)withthehelpof
(75)
(76)
(77) .
caneasilybeewessedintermsoftheforegoingumericalquantities
as
{[ 1
ax-l) y(x-1) +gz(x. d)4@) =-: 1 -~ 1 (78)
.
Witha goodapproximationt ~(x) includingthree-dtiensional
effects,wecannowsolvetheintegralequationforthebodyshape.In
,.
.,
.
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evaluatingtheintegralwewillapproximate~(x)by ~(x) andapply
thetrapezoidalruletotheintervall~x~c + 1 brokeninton psrts
oflengthc/n.Then
n
—
&(Xi) ‘ho(Xi) +-& I Pj%(~j)Wolxi-~jlj=d
where
1vj=~ il = O,n
Vj= 1; O<j<n
J
)
(79)
(80)
Theexamplealreadysolvedexactlyfortheinterval1< x < c + 1 isused
infigure16tomeasuretheaccuracyoftheapproximatemethods.Fora
chord-radiusratio f3 theshort-chordtheoryisalreadyinaccuratebut
themedium-chordtheoryisingoodagreementwiththeexactsolution.
Someimprovementinaccuracycanbeobtainedbyiteratingequation(79),
butfora moreexactsolutiona betterintegrationformulaisneeded-
onerecognizingtheslopediscontinui~n WolXi-gilat Xi=~i. The
dragsavingevaluatedbythetra~zoidalruleis
(81)
E%fectofchord-radiustidsemispan-radi,usratios.-Theeffectof
thegeometricvaria%lesonthebodyindentation,dragsating,andvolume
ofindentationhave%eencalculatedusingthemedirau-chordtheoryto
studythelimitationsoftheshort-chordtheory.ThedragsavingIs
showninfigure17asa functionof s/aandc/@. Thesawinginc~ases
asthewingsw increasesandincreasesslightlyasthechordinc~eases.
Theshort-chordtheorygivesa good.roughmeasureofthedragsavingup
tovaluesof c/~ oftheorderof4. Thevolumeoftheindentati~as
a &actionofthewingvolumeisgiveninfigure18. Itisseenthat
short-chordtheorygivesaccuratevolumesonlyforveryshortchords.
Someactualindentationshapesaregiveninfigure19. me mainfea~e
oftheshapesisthatforthelongerchordlengthstheindentationsdo
notreturntotheoriginalradius.Thisresultwouldbepredictedbythe
-— . . . . ..-. ..-— —— .-. .—. —... .—________ ______
—. .—..—
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supersonicarearule.Thosethatdotendtoreturndonothaveneerly
asmuchvolumeasthewingpanels.Thus,asthedesignMachnumberis
increasedfromunity,theleadingedgeremainingsonic,thebody?rolume
toberemovedecreasesfromthewingvolumeat M = 1 toa fractionof
thewingvolumeathighersupersonicspeeds.Ifdistortionismadeover
theentirelengthoftheMachrhombus,thetransonicarearulegivesam
indentationvolumeqaaltothevolumeofthewingpanelsat M = 1 and
thepresentmethodgives101percentofthatvolumeat M =S.
BodyShapebyAlternateM thod
Thebodyshapefora minimum-dragwingandgpasi-cylindrics,lbody
combinationcanalsobeobtainedbythealternatem thodevelopedin
AppendixC. Fortheexampleofthissection,thealte~temethodgives
thefirstharmonicbodyshapeinananalyticforml%atisaccuratetothe
omderofquasi-cylindricaltheory.Thisresultissignificantbecauseit
representsheonlylmownanalyticalexpressionfortheminimumdragbody
shapeofnonslenderwing-bodycombinations.As suchitrepresentsa good
standardfordeterminingtheaccuracyofthenumericalmethodsusedinthe
generalmethodofthispaper.Italsoisusefulasa standardtodetermine “
howwellthesupersonicarearulepredictstheminimumdragbodyshapefor
nonslenderconfigurations. ,.
Thedetailsofdeterminingtheshapeoftheaxiallysymmetricbodyby
thealternatem thodarepresentedinAppendixD. Thebodyslopesobtained
areshowninfigure20togetherwiththeresultsofthequasi-cylindrical
theory.Thetwoslopedistributionsagreetotheorderofthe~EJi-
cylindricaltheoryassumptions.Thebodydistortionscorrespondingtofig-
ure20areshowninfigure21forthgwingedpartofthebody.Thesetwo
distortionsareessentiaJ3ythessmebuttheydifferconsiderablyfromthe
supersonic-area-ruledistortions.Withintheframeworkoftheory,this
differenceistobe~ected sincethesupersonicarearuleassumeslender
conf@rationsandthepresentmodelisnotslender.However,thepracti-
calconsequencesofthistheoreticalresultmustbedeterminedbyexperi-
mentbecauseoftheknowninaccuracyoflineartheoryforsonicleading
edges.
CONCLUDINGREMAIUB
TheNielsen-l?ittstheoryofwing-bodyinterferencehasbeenapplied
totheproblemofminimiz~thewavedragofwing-bodycombinationsby
utilizingradialbodydistortion.Themethod,applicabletocombinations
withqmsi-cylindriailbodiesandhorizontalp anesofsymmetry,deals
directlywithpressuredistributionsa dbodyshapes.An integralequa-
tionisderivedforthebodyshapeforminimumdragforeachFourier
componentoftheradialbodydistortion.Todemonstratetheuseofthe
method,itisappliedtothewave-dragreductionfa 45°swept-wingand
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bodycombinationutilizingawingchordofthreebodyradiianda span
ofsixbodyradii.Theleadingandtrailingedgesaxetakenassonic,
andthewingsectionisbiconvex.Thenumericalresultsforthisexample
su~ortthefollowingstatements:
1. Theaxiallysymmetricharmonicofbodydistortioncausesa
reductionh wavedragofabout22percentofthedragofthewingpanels
ontheundistortedbodywhilethesecondharmoniccausesa
tionof42percent.
2. Theover-allwave-dragreductionis%heresult
wing-paneldragbyabouttwiceasmuchasthebodydrag
h fact,withtwoharmonicsthewavedragofthepanels
zero.
of
is
is
furthereduc-
reducingthe
increased.
a~roximately
3. Theaxiallysymmetricharmonicyieldsresultsqualitativelyin
accordancewiththesupersonicarearuleinthatthebodyindentation
doesnotreturntothefullbodyradiusatthetrailingedgeofthewing-
bodyjuncture.Thevolumeofindentationisonlyabouttwothirdsofthe
wiugvolumeforanintervalofdistortionftherootchord.
4. Themagnitudeofthe~ indentationgivenbytheaxially
symmetricharmonicisabout50percentlargerthanthatgivenbythe
supersonicarearule.
5. Totideorderofquasi-cylindricaltheorythefirstharmonicbody
shapeisthesameasthatgivenanalyticallybyanalternatem thod.
6. Themaximumdistortionfthecross ectionatthewing-body
junctureduetothesecondharmonicisaboutfivetimesthatduetothe
axiallysymmetricharmonicalthoughnovolumeisremovedbythesecond
harmonic.Thislimitsthewingthickuessforwhichthesecondharmonic
canbefullyutilizedtoabout5 percentorless.
7. Theintervaloverwhichthebodydistortion
producingreductioni wavedragistha~oftheroot
furthersmallsavingcouldbeobtsdnedbydistorting
waseffectivein
chordalthoughsome
theafterbody.
8. Thepressuredistributionsproducedonthewingbybodydistor-
tion,althoughfavorableforthewavedrag,areunfavorableforthe
boundarylayer. .
9. A verysimpleshort-chordtheorycanbeobtainedfortheaxially
symmetricharmonicbyneglect-three-dimensionalbodyeffects.An
approximatetreatmentoftheseeffectsyieldsa simplemedium-chordtheory.
AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
MoffettField,Cal-if.,Feb.7,1955
.
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APPENDIXA
.
PRESSUREFIELDDUETODISTORTEDBODYATANYSUPERSONICSPEED
Letusdeterminethepressurefieldduetoabodydist%rtedin
accordancewithequation(1)
Wewillconsider
satisfyequation
(Al)
M =@ forthemoment.Thepotential~ isto
(Al)onthe%odyandtofulfillthewaveequation.By
analogywithequations(12)and(16) ofreference4,
% ‘v ($)q‘::~;sr)=0sal,
n=o
(A2)
.
1
wherein
~(s) = L[@(x)] (A3)
and Km(s)isthemotiiedBesselfunctionofthesecondkind.Forthe
caser = 1 itwaspossibleinreference4 toexpresstheinversionf
equation(AZ?)intermsofcharacteristicfunctionsinde~ndentofthe
sh@eofthebumpsofthebody.Thusintermsofthecharacteristic
functions
(A4)
it wasshownthatonthebody
P=- 2(ap@x)
v = 2(*)1 [’=n(x)-Jx 1~(~)W=(x-~)d~coS-e
n=o (A5)
.
.
—-
—. ——-—. — ———-
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Itispssibletodeterminethepressureatanypointoffthebody
ina mannershilartothatformintsonthebody.Thisisaccomplished
bygeneralizingthecharacteristicfunctionstofunctionsoftwovariables
.
[
W2n(x,r)-L-l es(r-1)K2n(sr)
-+* 1 (A6).
InLaplacetransformnotationthepressurecoefficientis
m
P=
01
-g $ G=(s)%n(sr)— Cosae
n=o %’(s)
= -2
01
h“
~ [
e-s(r-l)%n(sles(r-l)%n(sr)
n=o K=?(s)
+1&i 1— COS2ne (A7)
WiththeaidofthefollowingequalitiesfromLaplacetransformtheory
L [
-1e-s(r-l)
~(s)
1
=~(x-r+l)
L
[
-1 %(sr)
K2nt(s)
(f-w)
e-s(r-l)
1
+—
E
=Wa(x - r+l,r)
[
%n(sr)+ e-s(r-l)
]J
x-r+l
L-lGin(s)—
K=’(s) G ‘o gzn(~)wm(x-r+l-g,r)d~(AIO)
thefinalresultforthepressurefieldonoroffthebodyis
P=
(A9)
2(%)r[g2n&-Jx-r+= 1g2n(E)w2n(x-r+l-t,r)dECOS2n6Jn=o
(All)
—..—._ .._ ___ -
.-
—----—
—— .—. _____
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For
P=
anyMachnuniberthepressure
NACATN3722
coefficientis
Inthisequationthefunctionsgin(x)aretakento%etheactualampli-
tudesofthebodydistortiona ddonotdepxxlonMachnuniher.Ifthe
co?ibinationisdistortedasintheFrandtl-Glauerttransformation(see
AppendixD),thenthe ga(x)ftnctionswillchangewithlkchnumber.
Tomakecomputationsusingequation(A12)itisnecessarytoevaluate
theintegralnumericallyusingtabulatedorplottedvaluesof W2n(x,r).
Plotsof W.(xjr)andWa(x,r)sufficientforthepurpsesofthisreFort
areincludedinfigure1.
.
. .— — ———. ..—
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AxTErmIx
RELATIONSHIPBETWEENSHAPEOF
B
QUASI-~NDRICALBODY
ANDSTRENWHSOFAXIALMOZTIFQIJIDISTRIBUTIONS
Themethodusedinthisreportdealsexclusivelywiththeflowfield
externaltothewing-bodyconibinationandrequiresnocontinuationofthe
solutioninsidethebody.However,itisintuitive~clearthatany
quasi-cylindricalflowcanbebuiltupby superinpsingdistributionsf
sourcesandmultiplesalongtheaxisofthebody.Fortheparticular
setof.sourcesandmultiplesusedinreference4 a setofchazm.cteristic
functions,the ~n(x)functions,weredefinedandtabulatedtoallowthe
axialdistributionsfmultipolestrengthstobedeterminedfora given
bodyshape.(Theproblemoffindingthebodyshapefromthemultipole
distributionsa direct,althoughlaborious,mathematical.~cess.) The
samecharacteristicfunctionsareapplicabletotheparticularsetof
multiplesusedinreference3. Thesemultipleswritteninseveral
formsasfollows
-1 x
cos 2n0cosh(2ncosh =)
=m[@+JFly+@+JFJn]
Cos2ne
G
. cos2@L-~~(rs)] (Bl)
aredistributedalongtheaxisinstrength~n(x). Themultiplesare
startedalongthebodyaxisat x = O,asshowninsketch(j)sothat
r,&n(x)
\
A Mjch wove ~r
zn(x)-multipolestrength
x
\ \
Sketch(j)
..— — . . ...— -—. — . ...— ..— .- .— .— ..— -. ..._ ..
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bodydistortionstartsat x = 1 for M =~. Themultiplesare
staited atnegativev@uesof x since~(x) wouldnotthenhave .
x <0. TheLaplacetransforma Laplacetransformwhen
duetothemulti@lesis
~(s,r,e)=
andtliepotentialinthe
m
1
.—
2X 1 ~n(s)Kzn(sr)cosme
ne
physicalspaceis
ofthe@ential
(B2)
coI ( )X-EJx coshticosh-l—~(x,r,e)= -& (COS=e) A2n(~) r d~ (B3)
n=o o J(x-g)2-r=
Let ~ beequalto ~ producedbya distortionfthebodygivenby
equation(Al).Then,accordingtoequation(A2)wehave
q&,r,e) = ~(x,r,e)
‘v($)’-’z ‘2n:::R:r)
n=o
.
cos 2ne (B4)
Comparisonfequations(B2)and(B4)establishestherelationship
betweenbodyshapeandmultipolestrengthsintheLaplacespaceas
G2n(s)= - 1 s&n*(s)&n(s)
2YtV(@JCr)
(B5)
.— -. -.
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FormtheFaltungintegralcorresponding
oftherelation
45
to equation(B5)withthehelp
‘-’r+] “-=[’=(s)] ‘Cosh(;sh-=x)’ “1
= o; ‘<1
Thus
Jx-1*n(X) = - 1 cosh(2ncosh-lx-~)%“(E)2~(~Cr) O
~ ‘g
(B6)
Equation(B6)givesa methodofdeterminingtheshapeofa quasi-
cylind.ercorrespniiingtaa givendistributionofmultiplesalongthe ‘
axis.Thereverseproblemofdetemniningthe?mil.tipoledistributions
fora givenbodyshapeisnotassimple.Thisproblemwillarisewhen-
evera minimum-dragwing-bodyconibinationisoperatedawayfromthe
designpoint.Equation(B5)iswrittenina formtofacilitatehesolu-
tionofthereverseproblem
()e-s&n(S)=-23tV~ G=(s)sesK=’(s) (B7)
Theoccurrenceof Ka ?(s) inthedenominatormakesthedeterminationof
theinversetransformdifficultifatalJpossibleintermsofknown
functionssincethezerosof Kzn?(s)inthecomplexplanearegenerally
unknown.However,ifwedefinethefollowingfunctionbyitsLaplace
transform,
.
,
~n(x) s L-l
[
1
se%=e(s)1 (B8)
- . ... .. . . . .. .—— .— - —._ —.—. . —.—.-————- -—-.——
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thenthesolutiontothereversepro%lemcanbewrittendown
(B9)
Talmlatedvaluesof ~(x),~(x),~(x),andMs(x)forO <x Sk are
includedinreference5 fornumericalwork.Equation(B9)thusallowsa
simplecalculationofthemultipolestrengthsfora givenshape.The
functions~(x) havelogsritbmicsingikritiesattheorigin.Thus
wheneverg2n(x)isfinite,sois ~n(x-l),andif g=n(x)hEMa SiW-
kl?ity,SOWill~n(X-1).
.
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APPENDIXc.
.
.
,
.
ALTERNATEM THODlKIR~G BODYSHAPE
FORMINIMUM-DRAGCOMBINATION
tithisappendixwewillconsiderthesolutionforthebodyshape
forminimumdragbythemethodofreference3,anditsrelationshipto
thepresentmethod.Inreference3,thepotentialfunctionfora general
classofminimum-dragcombinationsisfoundwithoutrecoursetosolving
aboundary-valueproblemasalreadydescribedinthelistroduction.If
thestreamtubescorresponMngtothepotentialreknown,anystreamtube
canbereplacedbyabodytoformamirdmum-dragwing-bodyconibination.
Tocarryouttheprecisedeterminationofthebodyshaperequiresthe
simultaneoussolutionofa pairofnonlineardifferentialequations.
Practica~,theshapemustbecalculatedlysomeapproximatemethod.
However,thepotentialfunctionfortheminimum-dragconibinationisaccu-
ratetotheorderoflineartheory.b theqyasi-cylindricaltheoryit
isassumedthatthefkw islmownfora cylindricalbodyandwingconiMna-
tionbytheuseoftheinterferencemethodsofreferences4,5,and6.
Thentheshapeperturbationfromthecircularcylindernecessarytopro-
duceminimumdragiscalculatedharmonicbyharmonic.h thismethodthe
boundaryconditionsareappliedonthe r = 1 cylinder.However,fortin
enoughwingpanelstheminimm-dragbodywilla~roacha cylindricalbody
ascloselyasdesired.(Forbothsolutionsthewingboundaryconditions
areappliedonthe z = O planeinsteadof-onthewingsurface.)Under
theseconditionswemaythereforeequatethepotentialsgivenbythetwo
methodstotheorderofquasi-cylindricaltheory.
Tmthepresentpaper,thecombinationpotentialis
andinreference3 thecombinationpotentialis
where~ isthepotentialduetothecancelingmultipoles.We canthus
saythattotheorderofquasi-cylindricaltheory
..-. —-- —— —----- .— —— ——. .—
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,
Sincefromequations(B2)and(A4)thefollowingrelationshipsaretrue,
m
n=o
L(cI# =V
mI
n=o
cos zhe
G2n(s)K2n(sr)
sK&’(s)
m01 F2n(s)~n(sr)L(~i)=V ~ C!osae sK2~’(s)
n=o.
weobtainthefollowingrelationshipamongthevariables
%n(s)= -F=(s)- 1 ~(s)sKa’(s) (C4)
Thefollowing
corresponding
2YiV(tJCr)
relationshipsWmnitustoformtheFaltungintegral
toequation(C4).
[1
L-lK2n;(s) cosh(2ncosh-lx)
=L-1[K2n(s)]= .,, ; X>ls
Theinverseofequation
=
(c4) iSthus
g2n(x)= ‘fzn(x)- 12dV(~/Cr)
Thefirstermcanbethoughtof
bythewing-alonefield,andthe
J&-l
o ; X<l (C5)
T-1A2n”(~) cosh[2ncosh-l(x-~)]dgo ~
(c6)
as thevirtualdistortionfthecylinder .
secondtermisthebodydistortiondue
..—. -—— . —.
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tothecancelingmultiples.Themultipolestrengthsaredeteminedby
themethodofobliqueplanesasusedinthesupersonicarearuleand
describedinreferences3 and8.
Thevalueoftheshapeamplitudefunctions,~(x), can,inprin-
ciplebedeterminedanalyticallyfromequation(c6).Thedetermination
involvesfirstcalculatingthenormalvelocityfieldatthe r = 1 cylin-
derduetothewingaloneandperforminga Fourieranalysistoobtain
the f=(x)functions.Thenthemultipolestrengthdistributionsforthe
wingalone~(~) areobtainedbythemethodofobliquecutswhich
includesa Fourieranalysis.Finally,toobtaintheshapesmplitude
functions,theintegralsofequation(c6)mustbeevaluated.
. . .... —..—- --. — ._. .— .— — —.—-.— . ——. — -_
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~IX D
ANANALYTICALDEURKUUTIONQFMINIMUM-DRAGmm SHKRE
EYMXERNWEMETHOD
Ihthisappendtithealternatem thodofAppendixC
totheswept-wingexampleusedinpartIIofthetexbto
ly-tical.expressionfor go(x).Thisispossiblebecause
eqressedanalyticallyforthisexample.
tillbea~lied
obtainanana-
fo(x)canbe
Forthepurposeofthiscalculationequation(c6)canbeputintoa
moreconvenientformbychoosingtheinverseLaplacetransform
L-l[~’(s)]= L-z[-K=(s)]= —
J&
; X>l
=0 ; X<l (Dl)
Thenfor n = O theInverseofegyation(C4)is
.
x-l
go(x) = -fO(x)- 1 J %%)
x-g
%V(tm/Cr)O
~dg” ‘M)
where
Sketch(k)
IAA) =~ %!#(E,e)af3(D3)o
Asshowninsketch(k),e isthe
Polarcoordinated finingthe3ine
ofintersectionoftheMachcone
withapexat ~ anda tangent
plane;~(~ e)istheprojection
fb * (y,zplaneofthewingarea
interceptedbythetangentplaneto
theMachcone.Ananalyticexpres-
sionfortheinterferenceterm,
fo(x),hasalreadybeenobtained.
Thefirststepistocompute
%(!%0).Thesamewingaloneis
usedasforthequasi-cykhdrical
NACATN3722
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.
.
theorycomputation.Onlytherightwingpanelneedbeconsideredsince
%L(E@) =Sw@r. 6)duetotheverticalsymmetryofthewing.The
equationforthesurfaceoftheright~ ~el
%= -22.~(~)(l.y)
is
; y~o (D4)
The equationfortheinterceptofthetaagentplanewiththe z = O p~e
is
X=e+ycos
Thenthethiclmessdistributionalongthis
[ 1[2~=4~~-fll-cOse) 1.c
Forthewingedpartofthebody(0~ ~~ c)
1’
“(E”) =A S:22%’S
= 4tJ2 [E- Y(l - Cose)
o c 1
9
interceptis
J-Y(1 - Cos
(D.5)
EQl (M)
c J
[ E-y(l-1- . 1Cose) ~yc
where
ds= ~(dx)’+ (dy)’
Integrating
%’(w)
T=e){[($)-(!m%)+ ‘
(w)
-------..--..—.-— --- —.
—.. ———— -— --
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thelimit,y=, is a functionof 6 (seesketch(k))andisgivenby
o0<(3<CCN3° u-- s
E
Y2 = cos-0S-E; —~e~fi1 - Cos6 s
Thenextstepistofind~(lj)usingequation(D3).Useofthe
synmetryofthewingandthefactthat~L(~,G)= SWR(g,fi- G)gives
Thisintegrationmustbeperformedintwopartsduetothe
<)
“s-~inyzate=cos-~. From
AO(E)=~{[(1 -~)
equations(D8)and(v)
($+($2].Os-f+-)
(D9)
discontinuity
+
(D1O)
Differentiationofequation(D1O)anduseof(D2)gives
~x-.[+G72s --f+’-)],.-E)~,
go(x)= -fO(x)-+
Xc. J-
(Dll)
Thisellipticintegralistabulatedinreference12. Theinterferenceterm -
canbeexpressedanalyticallyas
-.
I!ACA‘m 3722 53
.
[
ro(x) k 1 . 2(x- 1)
—=- -
(-tin/c)‘ c 1
Whentheintegrationforthepresentmodel(c= s = 3)isperformed
go(x).4
[
;l- 2(X- 1)
(tin/c) 13-
8
/–-[
X+l 8x-loK-——
7 7-x X+l
7X=X2E+ 38- B II(~2,k)
2 X+l 1
k2= (5 - i)(x- 1)
(7 - x)(x+1)
.
# (x- 1)
=—
(x+ 1)
(D12)
here K,E,andII(a2,k)=e complete
econd,andthtidkinds,respectively.
ellipticintegralsofthefirst,
. . . . . ..-. .— —— .— ——— —
——. -—
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IRANDTL-GIAUERT
APPEmmxE
TRMSFORMATIONFORWING-BODYCOMBINATION
Thecalculationsf~rtheexampleconfigurationhaveSU beenmade
fora Machnuniberof-@, buttheresultscanbegeneralizedtoanyMach
nudberbymeansofthePrandtl-Glsuertrule.Lettheconfigurationat
MachnuniberM betransformedintoanequivalentM =@ configuration
bydividingitslongitudinaldimensionsby B andleatingitslateral
dimensionu changed.Letthepotentialtcorrespondingpointsbethe
same(seefig.22).Thetwopotentialfieldsaresolutionstothedif-
ferentialequatiotig veninthefigure.Sincethe@entialisthesane
inthe y andz dimensions,~@y and~~z areunalteredsothatthe
slopesofallsurfacesinthestresmwisedirectionareunaltered.Under
theseconditions
fOllows:
Atcorrespmding
thequantitiesat M andat M =@ arerelatedas
(i)M=(s~;‘=1 I(S/.=($.’e‘o}’ ‘
(El)
(I!2)
.
.
— —— --. — .—.—— -
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.
Thecalculatedresultsat M =~ canbegeneralizedtoapplyto
allconibinationsofthefsmily- inourcaseallcombinationswith
sonicedgesandfixedbodyradiusandcombinationspan-byplotting
l-(rJa)
~~wc) versus x/~aforbodyindentations,j3P/(~c)versusx/~a
withr/a asp=ameterforwingpressuredistributions,~~/(~c)2
versuss/aor~
7
withc/$aasparameterfordrag,and Vi/VWversus
s/aorBAEwithcj3aasparameterforvolumeofcut-out.
,
.
.- .. .. . —.. --. — --— --— -—
—
.—— — -—.
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